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Many families of periodic orbits in Hamiltonian systems of two degrees of freedom develop
instabilities that initiate period-doubling bifurcations with a universal ratio D= 8.72 between
successive intervals of bifurcations. But there are also cases with different bifurcation ratios. In
systems of three degrees of freedom, there are new types of instability. The most important is
complex instability, which is not followed by a bifurcation. In general such systems do not have
infinite sequences of bifurcations. The general properties of dynamical systems of three degrees of
freedom are discussed.
I. INSTABILITIES AND BIFURCATIONS
The study of periodic orbits is most important in understanding dynamical
systems. The stable periodic orbits are followed by sets of nonperiodic orbits with
the same average topology, while the unstable orbits repel other orbits from their
neighborhood. Therefore the transition of a family of periodic orbits from
stability to instability produces an important qualitative change in the dynamical
system. We consider here transitions from stability to instability in Hamiltonian
systems of two and three degrees of freedom.
A periodic orbit is stable if the eigenvalues of the linearized equations around it
(the "variational equations") are complex conjugate on the unit circle, and
unstable if at least one pair of eigenvalues are out of the unit circle. In the case of
two degrees of freedom, the eigenvalues A and 1/A are given by an equation of
the form
A2 + bA + 1 = O. (1)
We call the quantity b the stability parameter of the periodic orbit. A periodic
orbit is stable if IbI< 2 and unstable if Ib I> 2.
In the case of three degrees of freedom the eigenvalues are given by an
equation of the form
(2)
We have stability if both stability parameters b l and b2 are absolutely smaller
than 2, simple instability if one stability parameter is absolutely larger than 2,











FIGURE 1 The transition from stability to instability of a family of periodic orbits occurs either at a
direct bifurcation (a; then the bifurcating family is stable), or at an inverse bifurcation (b; the
bifurcating family is unstable), or without any bifurcation (c; case of complex instability). (-) stable
and (. . .) unstable families.
double instability if both parameters are absolutely larger than 2, and complex
instability if b1, b2 are complex conjugate.
A transition to instability in a system of two degrees of freedom is followed by
a bifurcation into another family of periodic orbits. The initial conditions of the
periodic orbits (x) as functions of a control parameter (£) are represented by a
"characteristic curve" (Fig. 1). At specific points of the characteristic curve we
have bifurcations into other families of periodic orbits. In particular when the
original family becomes unstable we have the bifurcation into another family of
equal or double period (Figs. la,lb).
In many cases the bifurcating family exists in the direction where the original
family is unstable (£ > £0 in Fig. la). This is called a direct bifurcation. In such a
case the bifurcating family is stable close to the bifurcation point. We may say
that it has inherited the stability of the original family.
In other cases the bifurcating family is in the direction where the original family
is stable (£ < £0 in Fig. lb). This is an inverse bifurcation. Then the bifurcating
family is unstable and the stability of the original family is not taken over by any
other family.
If we have one more control parameter in our system, we can find when a
direct bifurcation is transformed into an inverse bifurcation (Appendix).
In systems of three degrees of freedom, we may have one more case of
transition to instability (Fig. Ic), which is not followed by any bifurcation. This is
a transition to complex instability, discussed below.
II. INFINITE BIFURCATIONS
A stable family that is produced by a period-doubling direct bifurcation at £= £0
and exists for £ > £0 usually becomes unstable for a value of £ = £1(>£0) and
generates there a quadruple-period family. This in turn generates a family of
period 8, at £ = £2> £1, etc. Thus an infinite sequence of bifurcations is formed.
It has been found that the successive intervals between bifurcations decrease
almost geometrically: the bifurcation ratio
D = £n+l - £n
£n+2 - £n+l
(3)
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FIGURE 2 Successive bifurcations and the increase of the stochastic regions. The families A, B, and
C become unstable at quite different values of E. The family D exists only for E> Emin •
tends to a universal number as n~ 00. This number is D= 4.67 in dissipative
systems, as found by Feigenbaum1 and independently by CoulIet and Tresser. 2 In
the case of area-preserving mappings, this number is D= 8. 72. 3-5 In Hamiltonian
systems one sees often such sequences of period-doubling bifurcations with
bifurcation ratio D= 8.72. 6-8
At the limit of infinite bifurcations £n~ £00' we have an infinity of unstable
periodic orbits. In such a case most nonperiodic orbits are stochastic.
It is well known that in nonintegrable systems the unstable periodic orbits are
followed by sets of stochastic orbits. For example, stochastic orbits appear near
the family A (Fig. 2) as soon as it becomes unstable, i.e., for £ > £0. If £ is close
to £0 the stochastic region around the family A is small. But as £ increases this
stochastic region increases. Further stochastic regions appear around the higher-
order families, as £ goes beyond the bifurcation values £1, £2 .... Finally as £
increases beyond £00 the various stochastic regions merge and most orbits are
stochastic. The merging of the stochastic regions allows the orbits to wander in
phase space, reaching large distances from their original points. Thus we may
consider £00 as a critical value for the onset of a large degree of stochasticity.
The fact that the bifurcation ratio is universal shows that the onset of a large
degree of stochasticity occurs in a universal way in quite different dynamical
systems.
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But the universal character of the period-doubling bifurcations does not mean
that the global behavior of various dynamical systems is the same. There are
several factors that differentiate between various dynamical systems.
(1) There may be nonuniversal sequences of bifurcations along the same family
of periodic orbits. Very often an unstable family becomes again stable. A finite
sequence of transitions to instability follows. In particular cases this sequence is
infinite. An example of infinite transitions from stability to instability (and vice
versa) of the same family was studied by Contopoulos and Zikides.9 In this case
the bifurcation ratio of Eq. (3) is D= 9.22 = exp (Jr/V2), and this is
nonuniversal;IO i.e., it depends on the particular system studied.
(2) The stochastic region around all the unstable families derived from the
original family A (Fig. 1) does not cover the whole phase space. In other regions
of phase space there are other periodic orbits that may become unstable for much
larger values of C (families Band C in Fig. 2).
(3) In many cases there are regions of stable periodic orbits inside the large
stochastic region that appears for C > coo. Such are the so-called "irregular"
families that are not generated by bifurcation from any of the families of the
groups A, B, and C (e.g., the family D of Fig. 1). These families exist only for c
larger than a minimum value, and they produce their own infinite sets of
bifurcations. It is an open question whether stable regions appear for arbitrarily
large c. But in many cases we observe an increase of stochasticity on the average
as c increases. Therefore any regions occupied by stable periodic orbits and orbits
trapped around them must be smaller and smaller, as c increases.
(4) There are cases in which the increase of c beyond a certain value c: above
Coo starts an inverse sequence of infinite bifurcations (Fig. 3). Namely all the
infinite families produced by successive bifurcations from family 1a join again, at
inverse bifurcations, until only the original family 1a remains, and this is again
stable.
Such a phenomenon was observed in a Hamiltonian representing a rotating
stellar system,6 and it was proved to be quite general. Similar phenomena were
observed also in dissipative systems. II-13 If the points Coo and c: are close to each
other, then the bifurcation ratio approaches the square root of the universal







FIGURE 3 A family produces infinite bifurcating families by successive period doublings, but all
these families join in an inverse order, and finally only the original family remains. (-) stable and
(...) unstable families.
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Therefore, although locally the transition to stochasticity follows a universal
pattern, every dynamical system has its own global characteristics.
III. SYSTEMS OF THREE OR MORE DEGREES OF FREEDOM
Dynamical systems of three or more degrees of freedom have certain fundamen-
tal differences from systems of two degrees of freedom. For example, while in
two degrees of freedom the linearly stable periodic orbits are in general stable
over infinite times, in three or more degrees of freedom such orbits are in general
unstable.
This difference is due to the different topology of the orbits. In an N-
dimensional conservative system the motions take place in a space of (2N - 1)
dimensions. This is the surface of constant energy in phase space. According to
the KAM theorem (after Kolmogorov, Arnol'd, and Moser), near a linearly
stable periodic orbit there are in general invariant N-dimensional tori. If N = 2
these tori are two-dimensional in a three-dimensional space; therefore they
separate the inner space, close to the periodic orbit, from the outer space. An
orbit starting close to the periodic orbit cannot cross such a torus and go far from
the periodic orbit. Thus the periodic orbit is stable for all times.
On the other hand if N ~ 3 the N-dimensional tori do not separate the
(2N - I)-dimensional space into an inner and an outer part. The orbits starting
near the periodic orbit are not forced to stay close to the periodic orbit forever.
On the contrary it seems that such orbits gradually deviate to large distances. This
phenomenon is called Arnol'd diffusion. It follows that in generic systems of three
or more degrees of freedom there are no stable periodic orbits.
However in many cases Arnol'd diffusion is so slow that it is of no practical
interest. We have found a system with two large stochastic regions that do not
communicate for times of the order of 106 periods. 14,15 The stochastic regions are
so close (Fig. 4) that one would expect that a small diffusion would allow a
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FIGURE 4 Stereoscopic view of a large stochastic region surrounded by a small stochastic region.
The points in each region give the values of (x, y, x) whenever z = 0 along an orbit.
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communication between them. In fact by introducing an artificial diffusion we
found that the points of the outer orbit entered into the big central region.
However more accurate calculations do not show an appreciable diffusion for
about 106 periods. This means either (a) that there is a barrier between the two
stochastic regions of a different nature than that provided by the KAM theorem,
or (more probably) (b) that the diffusion coefficient in Arnold diffusion is
extremely small.
Now 106 periods in a very long time in stellar dynamics. In fact the age of the
universe is only about 100 periods of stars moving around the center of the
galaxy. Therefore in stellar dynamics we can safely ignore Arnol'd diffusion. On
the other hand, in plasma physics 106 periods represent a small fraction of a
second. Therefore Arnol'd diffusion may play an important role there.
Besides Arnol'd diffusion two more phenomena associated with periodic orbits
appear in systems of three or more degrees of freedom that do not appear in
systems of two degrees of freedom. These are (a) complex instability and (b)
collisions of bifurcations. These phenomena will be discussed below.
The simplest cases where these new phenomena appear are systems of three
coupled oscillators. In particular we consider Hamiltonians of the form
H =!(i2 + y2 + i 2 +Ax2 + By 2 + Cz2) - EXZ 2 - 11yz2. (4)
Because of the symmetry of this Hamiltonian with respect to the plane z = 0,
we take this plane as a Poincare "surface of section." Whenever an orbit crosses
this plane we mark the values of (x, y, i) in a stereoscopic figure (Fig. 4).
The periodic orbits are isolated points. If a nonperiodic orbit lies on a KAM
torus, this is represented by a three-dimensional surface in the five-dimensional
space (x, y, ~, i, y) of constant energy [i is defined from·Eq. (4)]. Therefore the
intersections of an orbit lying on a KAM torus by the· surface of section z = 0 are
on a two-dimensional surface (torus) in the projected space (x, y, i). Orbits not
lying on KAM tori are represented by points filling a volume in the space (x, y, i)
(Fig. 4).
IV. COMPLEX INSTABILITY
Complex instability appears along a family of periodic orbits when the stability
parameters b i and b2 [Eq. (2)] are complex conjugate. At the transition from
stability to complex instability the two parameters. must be equal (b i = b2). Such
an instability does not appear in systems of two degrees of freedom where we
have only one stability parameter.
When a stable orbit becomes complex unstable, there is no bifurcation into
another family of periodic orbits. Therefore the stochasticity is introduced
without an infinite sequence of bifurcations. For this reason it is of interest to see
when such complex instability appears.
We consider one of the most important families of periodic orbits in the
Hamiltonian of Eq. (4), that we call la, an·d see for what parameter values this
orbit becomes complex unstable. We first keep constant the values of A, B, C




FIGURE 5 Complex unstable regions of the family la (~) for various values of C and of the family
Ie (~1 and ~2) for various values of A.
and the energy H, and vary the parameters E and 11. The region where the orbit
la is complex unstable in the parameter space (E, 11) is labeled by ~ in Fig. 5.
This region reaches the E axis (11 = 0) at only one point where b1 = b2 • In fact the
case 11 = 0 represents a two-dimensional system (x, z), while the motion along the
y axis is an oscillation independent of the motion on the plane (x, z). Therefore
the stability parameter b2 that corresponds to this oscillation is of the stable type
[(b2) ~ 2] and cannot become complex.
The position and form of the complex unstable regions varies if we vary one of
the constants A, B, and C. In particular, if we decrease C and keep A, B
constant, the angular point on the E axis moves to the left, goes over the origin 0,
and then moves upwards along the 11 axis.
In another case we found that by changing A the complex region ~1 that
reaches the 11 axis at one point becomes completely detached from this axis as A
decreases (region~2; Fig. 5).
This detachment is of interest as regards the succession of bifurcations. As we
have mentioned above, a complex instability does not allow any further stable
bifurcations from the original family (Le., bifurcations that transmit the stability
of the original family to another family). Thus if the complex unstable region
reaches the 11 axis, then if one follows a family with constant (but small) E =F 0 and
control parameter 'YJ, we stop the bifurcation sequence at the complex unstable
region ~1 (Fig. 5). But if for another value of A the region ~2 does not reach the
'YJ axis, one can continue along an axis parallel to E = 0, with E small and find
higher-order bifurcations.
In such cases one may wonder if we can have an infinity of bifurcations as in
the systems of two degrees of freedom. However in all the cases explored so far
we found that if there is no complex unstable region to stop the sequence of
bifurcations, this sequence is terminated by an inverse bifurcation (Fig. Ib),
where again there is no transmission of stability to higher-order families. Thus we
expressed the conjecture that in three-dimensional systems in general there are









FIGURE 6 Stability diagrams (b v b2 as functions of 1]) for e = 0 of the families Ie, 2[, 2d, and 2k.
In case a (A = 1.6, B =: C = 0.4) the tangent point of the curve b2 precedes the crossing point of the
curve b I , while in case b (A = 1.4, B = C = 0.4) it follows it. For a value of A between 1.6 and 1.4, we
have a collision of bifurcations.
V. COLLISONS OF BIFURCATIONS
A "stability diagram" gives the values of the stability parameters, b i and b2 , as
functions of one control parameter, say E, keeping the other parameters constant.
If one stability curve crosses the axis b = - 2, or the axis b = +2, we have a
transition to instability and at the same time a bifurcation of equal or double
period, respectively. If one stability curve is tangent to one of the axes b = ±2,
we have in general two bifurcating families.
In Figs. 6a and 6b the curve b2 of the family Ie is tangent to the axis b = 2 at
'YJ = 'YJI, while the curve b i crosses the axis b = 2 at 'YJ = 'YJ2' In the first case (Fig.
6a) we have 'YJI < 'YJ2, while in the second case (Fig. 6b) we have 'YJI > 'YJ2'
The most important differences between the two cases are:
(1) The two curves b i and b2 cross each other in the first case but not in the
second. For E =/= 0 (small) there is a region of complex instability close to the point
b i = b2 • In fact the cases (a) and (b) correspond to the forms ~I and ~2 of the
complex unstable region of Fig. 5. In the second case there is no complex
instability close to the axis E = O.
(2) The various double-period families are joined in different ways in the two
cases. In case (a) the families labeled 2[, 2d start at the same (tangent) point
('YJ = 'YJI), and the family 2k starts at the crossing point ('YJ = 'YJ2)' In case (b) the
family 2[ starts at the crossing point ('YJ = 'YJ2), while the families 2d, 2k start
together at the tangent point ('YJ = 'YJ 1)'
The change between the cases (a) and (b) occurs for a value of A between 1.6
and 1.4 (A = 1.4219), when 'YJl is equal to 'YJ2' This is a "collision of bifurcations."
We see that a collision of bifurcations produces important changes in the
topology of the various families of periodic orbits. In particular the joining of
various families changes at such a collision.
The opposite is also true. Any change of the control parameters produces only
small changes in the topology of the various families of periodic orbits, except if
we pass through a collision of bifurcations.
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In order to understand the dynamics of a given dynamical system of three degrees
of freedom, it is necessary to know its main periodic orbits and their stability. The
periodic orbits constitute the backbone around which all other orbits are
arranged.
Suppose that this study has been made for a particular dynamical system. The
question is now, how representative is this study? It is expected, by continuity
arguments, that if the parameters of the system change a little, then the various
families of periodic orbits change quantitatively, but their qualitative characteris-
tics are the same. However if a parameter goes beyond a critical value that
corresponds to a collision of bifurcations, there is an important qualitative change
of the dynamical system. Therefore one needs to find out for what parameter
values we have such collisions.
Most of the important collisions of bifurcations appear in the limiting cases
E = 0 or 1] = O. In fact we could predict the main features of the various families
of periodic orbits in quite general dynamical systems of the form of Eq. (4) by
following the stability curves of the families for E = 0 and 1] = O. In this way the
study of systems of three degrees of freedom is simplified considerably. One has
to study thoroughly one particular case (e.g., for fixed values of A, B, C and H,
and variable control parameters E and 1]). Then one can follow the main changes
due to a change of the parameters A, B, C by changing one parameter at a time
for E = 0, and for 1] = 0, in order to find the various collisions of bifurcations that
produce the main qualitative changes of the system.
The Hamiltonian system, Eq. (4), is one of the simplest nontrivial systems of
three degrees of freedom. However such a system has all the complications of the
most general dynamical systems. Therefore its study gives qualitative information
about the typical forms of the periodic orbits and their bifurcations.
On the other hand systems of three degrees of freedom cannot be approxi-
mated by systems of two degrees of freedom in general. They present important
new phenomena that cannot be considered as small deviations from the
phenomena appearing in two-dimensional systems. In particular if we study a
special limiting two-dimensional case of a three-dimensional system [e.g., the case
1] = 0 of the system of Eq. (4)], it is not sufficient to find the stability of the
motion on the x - z plane. Very important also is the study of the oscillations
along the y axis, although this is independent of the x - z motion. The reason is
that if there is a resonance between the x - z motion and the y oscillation, a small
perturbation 1] =/= 0 produces important qualitative changes.
Such phenomena are complex instability (for 1] =1= 0) and collisions of bifurca-
tions. In particular a system is in general qualitatively different before and after a
collision of bifurcations.
We conclude that the study of two-dimensional dynamical systems is not
sufficient to understand general dynamical systems of three degrees of freedom.
As an application, let us consider the case of an axisymmetric mirror machine for
plasma confinement. This can be studied relatively easily by a numerical
exploration of the main types of orbits. These types may be found also
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theoretically, especially if the system is close to an integrable case. However if the
system is made slightly nonaxisymmetric, it presents new types of instability, new
types of bifurcations of periodic orbits, and new properties of the nonperiodic
orbits (like Arnol'd diffusion).
Similar problems appear in stellar systems, e.g., in galaxies or in planetary
systems, in nonaxisymmetric perturbations of accelerators, in nonlinear electric
systems, and in many cases of plasma physics or plasma astrophysics. Therefore a
thorough study of the instabilities of general systems of three degrees of freedom
will provide a better understanding of the types of problems appearing in many
branches of science.
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APPENDIX
Direct and Inverse Bifurcations
We give here a very simple case where we may have either a direct or an inverse
bifurcation.
Consider the Hamiltonian
that has E as control parameter. We have periodic orbits when














FIGURE A-I Bifurcation of the family x2 = e/a from the family x =0 (direct if a> 0, inverse if
a < 0). (-) stable and (...) unstable families.
The main family of periodic orbits is x = 0, while the second family
x 2 = e/a (A-4)
bifurcates from x = 0 at the point e = 0 (Fig. A-I).
If a> 0 the second family exists for e > 0, i.e., the bifurcation is direct, while if
a < 0 the second family exists for e < 0 and the bifurcation is inverse.
The stability of each family is found by calculating the stability parameter
S = ,PH cPH. _ ( a2H )2.
ax2 ax2 ax ai (A-5)
If S > 0 the family is stable, while if S < 0 it is unstable.
In the present case,
S =3ax2 - e. (A-6)
Therefore the family x = 0 is stable for e < 0 and unstable for e > O. The second
family is stable if a> 0 and unstable if a < 0 (Fig. A-I).
If we consider a as a second control parameter, we find that the bifurcation
changes from direct to inverse as a changes from positive to negative.
